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The equations of an i so the rmal  l a m i n a r  mult icomponent  boundary l ayer  a re  solved n u m e r i -  
ca l ly  for  both veloci ty  and concentrat ion prof i les  at high injection r a t e s .  The resu l t s  a r e  
evaluated compara t ive ly .  

We cons ider  the i so thermal  flow of an i ncompres s ib l e  mul t icomponent  gas in a l amina r  boundary 
l a y e r  with a negat ive p r e s s u r e  gradient  and a high injection number  ~ ~ r  The s t r e a m  in 
the boundary  l a y e r  with heavy d is t r ibuted  injection can be divided into two regions [1-7]: 1) the inner r e -  
gion adjacent  to the solid su r face ,  where  v i scos i ty  effect  a r e  negligible (to the f i r s t  approximation);  and 2) 
the "uplifted" viscous region with a t rans i t ion  f rom the i nne r - l aye r  flow mode to the idea l -gas  flow mode 
outside the boundary l aye r .  

Self-adjoint  flow modes were  studied in [1-5]. Nonself -adjoint  solutions to the boundary - l aye r  equa-  
tions were  analyzed in [6, 7]. In [6], m o r e o v e r ,  an asympto t ic  solution has been obtained to the Prandt l  
equation for  a homogeneous incompress ib l e  fluid. Asymptot ic  fo rmulas  have also been obtained in [7] for  
the fr ict ion coeff icient ,  fo r  the t he rma l  flux and the diffusion cu r ren t  in the fluid mix ture  components  at  
the solid su r f ace ,  and equations have been der ived  desc r ib ing  the flow of a c o m p r e s s i b l e  mult icomponent  
gas in the sub layer  region of a boundary l aye r .  In our study he re  these  equations will be solved for  the 
i so thermal  flow of a mul t icomponent  gas .  A numer i ca l  solution will be given to the p rob lem of gas  flow in 
botmdary l a y e r s  of a sphe re  and of a c i r cu l a r  cyl inder .  

1. The equations of a l a m i n a r  i so the rma l  mul t ieomponent  boundary l a y e r ,  in the D o r o d n i t s y n - L i e s  
va r i ab les  

ue'~ pdy 
= VePeUer ~dx, ~l -- .i/.2- ~ 

0 0 

a r e  [7]: 

x~,, = ( f +  2 ~ f ~ ) c ~ - 2 ~ ' ~ c j ~  (i  = I . . . . .  , ~ - 1 ) ,  

n 

- -  S u ( c ~ X j - - c j X ~ )  ( i = 1  . . . . .  n - - l ) ,  l (c~m)'~ = mj 
]=J 

2x,=o 
i ~ t  i ~ l  

(i.l) 

Here  

pv = - -  r -k [(f +2,~f~) ~: + 2 , ~ f ' , ~ l ~ ] / , / ~ ;  
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u . X ~ =  I , ;  l =  ; ~ . . . .  . 

S y s t e m  (1.1) is so lved  for  the fol lowing boundary  condi t ions :  

fn.--~ l ,  c l - - * - c l e ( i = l  . . . . .  n)  as rl-+oo, 

f +2~i =0(r F.=o, 
(I) (~) (Q - -  c~ ~)) = X~ (i = 1 . . . . .  n) for rl = 0 .  

H e r e  e! t) denotes  the m a s s  concen t ra t ion  of  the i - th  componen t  in the injected gas mix ture  and 
t 

(1.2) 

(1.3) 

Rela t ion (1.3) can be r ewr i t t en  as  

f (~, 0) = - ~ (~) 

x(D 
1 j '  r ~ VN (p~)~ dx. 

0 

(1.4) 

2. We cons ide r  now the a s y m p t o t i c  solut ion to Eq. (1.1) at  high values of the inject ion n u m b e r  r  It 
can be shown [7] that  in this ca se  n e a r  the sol id  s u r f a c e  Eqs .  (1.1) r educe  (in the f i r s t  approx imat ion)  to 

,t 
(*~ + 2 ~  i) ~ :  + I~ (PdP -- ~; ) : :  2 ~ i ; ,  (2.1) 

( ,T + 2~(p~) c~: = 2~(p~c',~ (i = 1 . . . . .  n -- l) (2.2) 

with the boundary  condi t ions  at ~ = 0 

qD := 1, q)~--0, c i = c~') (i =1 . . . . .  n - - l ) .  (2.3) 

H e r e  

q~ = f / [ (~ ,  0), ~= TI/[(~, 0), r =d)(~)//(r 0). (2.4) 

It will be a s s u m e d  fu r t he r  that  the medium is i n c o m p r e s s i b l e  and that  the concen t ra t ions  c! 1) do not depend 
o n e _ .  ! 

c~n (r = const (i --: 1 . . . . .  n -- 1). (2.5) 

The solut ion to Eqs .  (2.2) with condi t ions  (2.3) will  then be 

c,(g, ; ) = d ' )  (i =1 . . . . .  n), p(~, ; )=p~, .  (2.6) 

L e t  us now ana lyze  Eq. (2.1). We in t roduce  h e r e  new va r i ab l e s  

Z=+~'p~/p~,  q~=+(r  ~). (2.7) 

Then Eq. (2.1) and conditions (2.3), with (2.5) taken into account, become 

~pcpZ'~ - 2~Z~ = 2p (Z -- l), (2.8) 

Z = 0  for ~ = 1 .  

It is not  diff icult  to see  that  function Z has  the s imp le  phys ica l  meaning:  

z = p~u~/peu2,. 

The solut ion to Eq. (2.8) with condit ion (2.9) is 

(2 .9 )  

(2.10) 

exp(i   ) 
H e r e  function r(~, q~) iS d e t e r m i n e d  f r o m  the equation 

~2 (U ~,  = x ~  (~), 

(2.11) 

(2.12) 
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w h e r e  funct ion ~ ,  in tu rn ,  is def ined by e x p r e s s i o n  (1.4). 

Expres s ing /3  in t e r m s  of  ~ and u e again ,  we r e w r i t e  solut ion (2.11) as  fol lows:  

Z = 1-- ue, {x [g~e (g) q~2] }/u~ (t). 

With  the aid of r e l a t i ons  (2.4), (2.7), and (2.13), we obtain 
~p 

ff dqD 
~1 = a (g) (pe/pw)- l/2 ]' Z . 

l 

(2.13) 

(2.14) 

Here  r va r i e s  over  the r ange  0 -< ~o -< 1. 

The  equat ion of  the flow s e p a r a t r i x  is obtained by le t t ing  ~o = 0 at  the upper  l im i t  of  the in tegra l :  

I 0 2 ; dqD 
n*(~)--a( t)(OJp~) h(~), A(g )=  ]fl~(g, r (2.15) 

! 

3. Fo r  i l lus t ra t ion ,  we will cons ide r  the solut ion for  the i s o t h e r m a l  gas  flow in the boundary  l a y e r  
of a c i r c u l a r  cy l inde r  and a s p h e r e :  u e = [(k + 2 ) / ( k  + 1)]U~ s in& 

a) When a cy l inder  is i m m e r s e d  in the s t r e a m  (k = 0), then 

02 ~ t 0  e ue _ ~ d ,  t0 = l / 2 ( l _ c o s 0 ) ,  u o ue/4U~" (3.1) 

1 ~ If (PV)w = eonst ,  then 

f (~, 0) = - -  a (g) -= --  a (0) [arc cos (1 -- 2t~ / V-)-~ ~ , (3.2) 

r (O) = V'Rd(pv) j2(gU)oo,  Re =2U~oR/v~. 

In se r t i ng  the f i r s t  e x p r e s s i o n s  in (3.1) and in (32) into (2.12) and then so lv ing  fo r  7 will y ie ld  

-= 1/2 {I --  cos [r a rccos( l - -  2g~ }. (3.3) 

F o r m u l a  {2.13) with (3.3) b e c o m e s  then 

Z = 1-- 1/4 sin" [~ arc cos (1-- 2t~ (3.4) 
t 0  _ _  t o  -~ 

In se r t i ng  (3.4) into (2.14) y ie lds  coord ina te  r/ as  a function of ~0. 

2 ~ If the spec i f i c  flow r a t e  of  gas  th rough  the s u r f a c e  is d i s t r ibu ted  so  that  f(~, 0) = const ,  ((pv) w 
= - 2 f ( ~ ,  0)(pU)~o cos ( 0 / 2 ) R e - l / 2 ) ,  then (2.13) can be wr i t t en  as  

Z = 1-- qD2(1-- ~~ t~ (3.5) 

b) When a s p h e r e  is i m m e r s e d  (k = 1), then we have 

ue ~ =9/4  {1--4cos 21/3 [arc cos (g ~ : l ) +  4n]} , 

~0=l+l t2cos0(cos20- -3) ,  u~ e = t  ~ - U  .... (3.6) 

Z = 1-- 1--4c~ 11/3 [a rccos(~-  1) + 4.~]} 
1-4cos~ { 1/3 [arc cos (go _ 1) +4~]} 

H e r e  for  f(~, 0) we have 
x = ~Oq~Z (3 .7 )  

and, if (pv) w = cons t ,  

x =  I + cos 3 arc cos 1/2 {1 + q~ [2cos 1/3 {arc cos (t ~ -- l) +4n}  - -  I]} . (3.8) 

Thus ,  e x p r e s s i o n s  {2.14) and (3.4) or  (3.5) fo r  an i m m e r s e d  cy l inder  and e x p r e s s i o n s  (2.14), {3.6), 
and (3.7) o r  (3.8) fo r  an i m m e r s e d  sphe re  will  comple te ly  define the flow in the sub laye r  r eg ion  of a botmd-  
a r y  l a y e r .  
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Fig. 1. Velocity prof i le  u / u  e a c r o s s  the boundary l aye r :  a) 
around a cyl inder  at  four sect ions [1) ~ = 0; 2) 0.3; 3) 0.4; 4) 
0.45]; b) around a s p he re  [1) 0 = 0; 2) 1.25; 3) 1.41 rad].  In-  
jection num ber  ~ = 5, p = Pe = Pw. Solid l ines) Numer ica l  so -  
lution; dashed lines) asymptot ic  solution. 

4. Equations (1.1) with the boundary conditions (1.2) were  solved by the numer i ca l  method in [7] with 
the aid of  a digital computer .  Considered  were :  1) flow of a homogeneous incompress ib le  fluid in the bound- 
a r y  l aye r s  of a sphere  and a c i r cu la r  cyl inder ,  r espec t ive ly ;  and 2) i so thermal  flow of a gas  mixture  con-  
taining hydrogen,  n i t rogen,  and carbon dioxide in the boundary l aye r  of a sphere .  In both cases  the in jec-  
tion number  was assumed  constant and its value was var ied  over  the range  0 -< a -< 10 f o r  different  se ts  
of computat ions.  

F u r t h e r m o r e ,  in the second case  it was a s sumed  that the concentrat ions of injected H2, N2, and 
CO 2 gases  we re  constant along the gene ra t r ix  of the sphe re  (c! l) = const).  

l 
In Fig. l a  a r e  shown veloci ty  prof i les  u / u  e a c r o s s  the boundary l aye r  around a cylinder at four s e c -  

t ions.  It is noteworthy that  the veloci ty  prof i les  calculated numer i ca l ly  and those based on the asymptot ic  
solution over lap  a l m o s t  a c r o s s  the ent i re  boundary l aye r  when the injection number  is a -> 7. 

In Fig. l b  a r e  shown analogous veloci ty  prof i les  a c r o s s  the boundary l aye r  of a sphere  at  th ree  s e c -  
t ions:  0 = 0, 1.25, and 1.41 tad  (curves  1, 2, 3, respec t ive ly) .  

Velocity prof i les  u / u  e and densi ty  prof i les  P /Pe  ac ro s s  the boundary bayer of a sphe re  i m m e r s e d  
in an H 2 +N 2 + CO 2 mixture  a r e  shown in Fig. 2 at  th ree  sect ions:  0 = 0, 1.25, and 1.41 rad (curves  1, 2, 3, 

'7 

/ 
a 

~ o,a u/u e o 

/ 

Fig. 2. a) Veloci ty p rof i l es  U/Ue; 
and b) densi ty  prof i les  9 e / p  a c r o s s  
the boundary  l a y e r  of a s p h e r e  i m -  
m e r s e d  in an H 2 + N 2 + CO 2 gas  
s t r e a m ,  with a = 5 and p e / P w  = 0.28: 
1) 0 = 0; 2) 1.25; 3) 1 .4I  rad.  Solid 
l ines) Solution; dashed lines) asymp-  
totic solution. 

J 
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respec t ive ly ) .  It is to be noted that  the concentra t ions  of the gas components at  the solid su r face  become 
approx ima te ly  equal to thei r  concentra t ions  in the injected mixture  (Ciw ~ cli)) when the injection number  

is within the range  a = 2-3, As the injection number  i nc r ea se s ,  nea r  the solid su r face  the re  will appea r  a 
region where  ci(~, 7) ~ Ciw. Here  the velocity prof i le  based  on the a sympto t i c  solution will over lap  with 
the veloci ty  prof i le  calculated numer ica l ly .  The width of this region is accura te ly  enough de te rmined  f rom 
formula  (2.15). 

x , y  

U, V 

r 

k=0 
k=l 

P 
t~ 
m 

ei 
li 
m i 
Dij 
Sij 

= U/Ue;  
X i = (rk,/-ff~/~)Ii; 
l =#p/#eOe; 
,~ = (2~/ Ue)(due/ dO; 

k ' �9 (~) = - (r 4-~/~x)(Ov) w. 

N O T A T I O N  

a re  the coordina tes ,  along the body su r face  and normal  to the body su r face ,  
r e spec t ive ly ;  
a r e  the veloci ty  components;  
is the dis tance f rom the s y m m e t r y  axis of the body; 
is for  two-d imens iona l  flow; 
is for flow with axial s y m m e t r y ;  
is the densi ty  of gas; 
is the dynamic v i scos i ty  of gas; 
is the  molecu la r  weight of gas; 
is the mass  concentra t ion of i - th component; 
ts the diffusive mass  cu r r en t  of i - th  component;  
is the molecu la r  weight of i - th  component; 
is the b inary  diffusion coefficient;  
is the Schmidt number ;  
a r e  the D o r o d n i t s y n - L i e s  var iab les ;  

S u b s c r i p t s  

e denotes the outside edge of the boundary layer ;  
w denotes  the solid su r face  (wall). 
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